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^ ■ Abstract 

\ In this paper we develop the vectorial Ribaucour transformation for Euclidean 

i -^h ' submanifolds. We prove a general decomposition theorem showing that under 

appropriate conditions the composition of two or more vectorial Ribaucour transfor- 
mations is again a vectorial Ribaucour transformation. An immediate consequence 
of this result is the classical permutability of Ribaucour transformations. Our main 
application is an explicit local construction of all Euclidean submanifolds with flat 
normal bundle. Actually, this is a particular case of a more general result. Namely, 
| we obtain a local explicit construction of all Euclidean submanifolds carrying a par- 

CN ■ allel flat normal subbundle, in particular of all those that carry a parallel normal 

vector field. Finally, we describe all submanifolds carrying a Dupin principal curva- 
| ture normal vector field with integrable conullity, a concept that has proven to be 

' crucial in the study of reducibility of Dupin submanifolds. 

^ \ 

An explicit construction of all submanifolds with flat normal bundle of the Euclidean 
sphere carrying a holonomic net of curvature lines, that is, admitting principal coordinate 
systems, was given by Ferapontov in [Hj. The author points out that his construction 
"resembles" the vectorial Ribaucour transformation for orthogonal systems developed in 
[TT] . The latter provides a convenient framework for understanding the permutability 
c3 \ properties of the classical Ribaucour transformation. 

This paper grew out as an attempt to better understand the connection between those 
two subjects, as a means of unraveling the geometry behind Ferapontov's construction. 
This has led us to develop a vectorial Ribaucour transformation for Euclidean subman- 
ifolds, extending the transformation in ^1] for orthogonal coordinate systems. It turns 
out that any n-dimensional submanifold with flat normal bundle of M n+m can be obtained 
by applying a vectorial Ribaucour transformation to an orthogonal coordinate system in 
an n-dimensional subspace of R n+m . This yields the following explicit local construction 
of all n-dimensional submanifolds with flat normal bundle of M n+m . Notice that carrying 
a principal coordinate system is not required. 

Mathematics Subject Classification 2000. Primary 53B25, 58J72. 
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Theorem 1. Let ipi, . . . , (p m be smooth real functions on an open simply connected subset 
(/Cl™ satisfying 

[Hess <fi, Hess <pj] = 0, 1 < i,j ' < rn, 

and let Q : U — > M nxm (R) be defined by Q = (V</?i, • • • , Vy? m ). Then for any x G U there 
exists a smooth map Q: V — > Gl(R m ) on an open subset V C U containing x such that 
dQ = Q l dQ and Q + Q l = Q l Q + /. Moreover, the map 

, ( id + gn~ 1 ^ \ 
/ - ^ n-v ) 

with if 1 = (tpx, . . . , ip m ) defines, at regular points, an immersion f : V —> M. n+m with flat 
normal bundle. 

Conversely, any isometric immersion f : M n — > W a+m with flat normal bundle can be 
locally constructed in this way. 

The case of submanifolds of the sphere can be easily derived from the preceding result 
and the observation that any such submanifold arises as the image of a unit parallel normal 
vector field to a submanifold with flat normal bundle of Euclidean space (see Corollary 
[TT?j) . In this way we recover Ferapontov's result for the holonomic case (see Theorem I2(J|) . 
thus proving his guess correct. 

Theorem ^ is actually a particular case of a more general result. In fact, we ob- 
tain a similar local explicit construction (see Theorem ITHjl of all isometric immersions 
/: M n+m — > W 1+m+p carrying a parallel flat normal subbundle of rank m, in particular of 
all those that carry a parallel normal vector field, starting with an isometric immersion 
f: M n —>■ R n+P and a set of Codazzi tensors $i, . . . , $ m on M n that commute one with 
each other and with the second fundamental form of /. We refer the reader to |T] for 
results of a global nature on such isometric immersions, with strong implications for the 
submanifold geometry of orbits of orthogonal representations. 

By putting together the preceding result with Theorem 8 of [H], we obtain an explicit 
construction (see Theorem l2*2*j) in terms of the vectorial Ribaucour transformation of all 
Euclidean submanifolds that carry a Dupin principal curvature normal vector field with 
integrable conullity (see Section 7 for the precise definitions), a concept that has proven 
to be crucial in the study of reducibility of Dupin submanifolds (see jH]). 

A key feature of the Ribaucour transformation for submanifolds (in particular, orthog- 
onal systems) is its permutability property. Namely, given two Ribaucour transforms of a 
submanifold, there is, generically, a fourth submanifold that is a simultaneous Ribaucour 
transform of the first two, giving rise to a Bianchi quadrilateral. 

More generally, for any integer k > 2 we define a Bianchi k-cube as a (k + l)-tuple 
(Co, ...,Cfc), where each Cj, < % < k, is a family of submanifolds with exactly (J 
elements, such that every element of C\ is a Ribaucour transform of the unique element 
of Co and such that, for every / G C s+ i, 1 < s < k — 1, there exist unique elements 
fi, . . . , f s+ i G C s satisfying the following conditions: 
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(i) / is a Ribaucour transform of fi, . . . , / s +i. 

(ii) For each pair of indices 1 < i 7^ J < s + 1 there exists a unique element /y G C s _i 
such that {/jj, /j, /j, /} is a Bianchi quadrilateral. 



/12 /012 




f fo 

The following Bianchi fc-cube theorem was proved in [§| for k = 3 in the context of 
triply orthogonal systems of Euclidean space. A nice proof in the setup of Lie sphere 
geometry was recently given in [2j, where also an indication was provided of how the 
general case can be settled by using results of (THj for discrete orthogonal nets together 
with an induction argument. 

Theorem 2. Let f: M n — > M. N be an isometric immersion and let fi, . . . , /& be indepen- 
dent Ribaucour transforms of f . Then, for a generic choice of simultaneous Ribaucour 
transforms fij of fi and fj such that {fij, fi, fj, /} is a Bianchi quadrilateral for all pairs 
{i,j} C {1, . . . , k} with i 7^ j , there exists a unique Bianchi k-cube (Co, . . . , Ck) such that 
Co = {/}, Ci = . . . , fk] and C 2 = {fij}i<i^j<k- 

We give a simple and direct proof of Theorem 121 in Section 5, where the precise mean- 
ings of independent and generic are explained. The proof relies on a general decomposition 
theorem for the vectorial Ribaucour transformation for submanifolds (Theorem IT^|). ac- 
cording to which the composition of two or more vectorial Ribaucour transformations with 
appropriate conditions is again a vectorial Ribaucour transformation. The latter extends 
a similar result of ^1] for the case of orthogonal systems and implies, in particular, the 
classical permutability of Ribaucour transformations for surfaces and, more generally, the 
permutability of vectorial Ribaucour transformations for submanifolds. 
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§1 Preliminaries. 



Let M n be an n-dimensional Riemannian manifold and let £ be a Riemannian vector 
bundle over M n endowed with a compatible connection V^. We denote by r(£) the space 
of smooth sections of £ and by B£ its curvature tensor. If ( = £* (g) 77 = Hom(£, 77) is 
the tensor product of the vector bundles £* and rj, where £* stands for the dual vector 
bundle of £ and 77 is a Riemannian vector bundle over M n , then the covariant derivative 
WZ G r(T*M (8) C) of Z G r(C) is given by 

(v^)(tO = v^)-z(v^) 

for any X G T(TM) and u G In particular, if u G r(T*M(g)£) is a smooth one-form 

on M n with values in f , then Vw G T(T*M ® T*M <8> f ) is given by 

Vw(X,y) := (V™^)(F) = V£w(Y) -u,(v x n 

where in the right hand side V denotes the Levi-Civita connection of M n . The exterior 
derivative du G T(A 2 T*M ® f ) of is related to Vcu by 

y) = Vuj(X, Y) - Vuj(Y, X). 

The one-form u is closed if c/cu = 0. If Z G T(£), then VZ = dZ G T(T*M <g> f ) is the 
one-form given by VZ(X) = V^Z. In case £ = M x F is a trivial vector bundle over M n , 
with 1/ an Euclidean vector space, that is, a vector space endowed with an inner product, 
then T(T*M <g> £) is identified with the space of smooth one-forms with values in V. We 
use the same notation for the vector space V and the trivial vector bundle £ = M x V 
over M n . 

Given Zi G T(£* ® 77) and Z 2 G T(r/* ® 7), we define Z 2 Z X G T(£* <g> 7) by 

Z 2 Z 1 (v) = Z 2 (Z 1 (v)), v G r(0- 

For Z G T(£* <8> 77), we define Z l G r(r/* <8> f ) by 

= (u,Z(y)), uET(7]) and iiG^). 

For later use, we summarize in the following lemma a few elementary properties of 
covariant and exterior derivatives, which follow by straightforward computations. 

Lemma 3 . The following facts hold: 

(i) IfZ 1 G (8) r/) and Z 2 G r(r/* <8> 7), then d(Z 2 Z 1 ) = (dZ 2 )Z 1 + Z 2 {dZ 1 ). 

(ii) If Z G T(£* (8) 77) ffcen dZ 1 = (dZf. 

(Hi) If Z G T(0 tfiera d 2 Z(X,F) = i£(X,y)Z. 

(iu) //( = £*®n andZ e V{Q then (B<(X,Y)Z)(v) = RP(X,Y)Z(v) - Z(R?(X t Y)v). 
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We also need the following result. 

Proposition 4. Let £,77 be Riemannian vector bundles over M n and uj G T(T*M ® £)• 
Set ( = rj* (g) TM and 7 = 77* ® £. Lei $ G T(T*M <g> £) be a closed one-form such that 

Vuj(X, $ u y) = Vcj(F, /or a// u G T(rj), (1) 

where we write & U X = T/ien i/ie one-form p = p(u, $) G T(T*M 7) defined 

by p(X)(u) = u){Q u X) is also closed. 

Proof: We have 

Vp(X,Y)(u) = V x p(Y)(u) - p{Y){V\u) - p{V x Y){u) 
= V x u(<$> U Y) - uj(^ 1u Y) - ou($ u V x Y) 
= Vuo{X^ u Y) +uo{V^{X,Y)u). 1 (2) 

The following consequence of Proposition 0] will be used throughout the paper. 

Corollary 5. Under the assumptions of Proposition^ assume further that M n is simply- 
connected and that £ and r\ are flat. Then there exists Q(uj, $) G T(r]* <g> £) such that 

dtt(oj,$)(X)(u) = uj($ u X) for all X G TM and uen. 

Proof: Since £ and 77 are flat, the same holds for 7 = rj* ®£ by Lemma 01 The manifold M n 
being simply-connected, a one-form p G T(T*M <8) 7) is exact if and only if it is closed. | 

§2 The Combescure transformation. 

In this section we introduce a vectorial version of the Combescure transformation for 
submanifolds and derive a few properties of it that will be needed later. 

Proposition 6. Let /: M n -> R N be an isometric immersion of a simply connected 
Riemannian manifold, let V be an Euclidean vector space and let $ G T {T* M ®V* ®T M) . 
Then there exists T G T(V* <g> f*TR N ) such that 

cLF(X)(v) = f*$ v X for all X G TM and v G V (3) 

if and only if $ is closed and satisfies 

a(X, <£> V Y) = a(Y, ® V X) for all v G T(V), (4) 

where a : TM x TM — > T L M is the second fundamental form of f. 
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Proof: Applying © for uj = /* G T(T*M <g> f*TR N ) and $ G T(T*M ® V* ® TM) we 
obtain that the one-form p = p(f„ $) G T(T*M <g> <g> f*TR N ) satisfies 

Vp(X, Y)u = a(X, + >». 

Therefore, $ being closed and (J3J) are both necessary and sufficient conditions for p to be 
closed. Since V and f*TR N are flat, the result follows from Corollary | 

We call T a Combescure transform of / determined by $ if, in addition, 

($ V X, Y) = (X, & V Y) for all v G r(V). (5) 

Observe that JF is determined up to a parallel element in T(V* © f*TM. N )). Notice also 
that for each fixed vector v G V, regarded as a parallel section of the trivial vector bundle 
V, we have that F(v) G T(f*TR N ) satisfies dT(v)(X) = f*$ v (X), and hence F(v) is a 
Combescure transform of / in the sense of jS] determined by the Codazzi tensor $„. 

Proposition 7. Let f : M n ^ R N be an isometric immersion of a simply connected 
Riemannian manifold, let V be an Euclidean vector space and let $ G Y (T* M ®V* ®T M) 
be closed and satisfy 0). For T G T(V* <g> f*TR N ) satisfying write 

^ = f^ + P, (6) 

where uj G T(T*M ®V) and (3 G r(V* <g> T L M). Then 

a(X,uj t (v)) + (V x *® T±M (3)v = for all v eT(V), (7) 

and $ is given by 

$„X = (V^™^> - (8) 

Conversely, if u G T(T*M ® and /9 G r(y* ® T L M) satisfy 0, tfien (0) fcotas /or 
JF = .F(u;, (3) and $ = $(a>, f3) given by (QJ) and respectively. In particular, $ is closed 
and holds. Moreover, $ satisfies zj and only if uj = dip for some (p G r(V). 

Proof: Denote by V* the covariant derivative of V* <g> f*TR N . Then, 

<*F(X)(v) = (V^> + (Vi/3)« = V^™"/^) - /*a,*(V^) + (V* x (3)v 

= UV x oo\v) + a(X, £«;'(«)) - f*uj\V x v) + (v£*® T±M /?)i; - f*A m X. 

Since, on the other hand, T satisfies (j3J), then (JJJ) and (JSJ) follow. 

Conversely, if uj and /? satisfy (jZJ), then the preceding computation yields Q with $ 
given by (JHJ). Finally, taking the inner product of (jHJ) with Y G T(TM) gives 

($„X,y) = (v,Vcj(X,Y)) - (A m X,Y), 

thus the symmetry of Vu; is equivalent to (j3J). | 
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Proposition 8. Let f: M n — > M. be an isometric immersion of a simply connected 
Riemannian manifold. Let Vi, 1 < % < 2, be Euclidean vector spaces, and assume that 
uoi G T(T*M ® Vi) and $ G T(V* ® T L M) satisfy 

a(X, ulivi)) + (VF® T±M A)^ = for all v % G r(V-). (9) 
Set Ti = fM + (3i and Q^X = (V J®™u;>i - A Mn) X. Then, 

V^(X, & V .Y) = VtOiiY, & Vj X) for all Vj e r(V}) (10) 

if and only if 

(^X, & Vj Y) = «y, for all v t G T(^) and Vj G r(V-). (11) 

When this is the case, there exists fijj = Q(ui, $ J ) G T(V* ® Vi) satisfying 

dn i3 {X){v 3 ) = Ui(& v .X) for all v 3 G r(V-). (12) 

In particular, 

d£l i3 =T\dTj (13) 

and 

% + Q*, = = + (14) 
up to a parallel element in T(V* ® Vi). 

Proof: Since u>j and /3j satisfy 0, we have a(X,$jT) = a(Y,$ 3 v X) by Proposition 
Thus, it follows from 

(^X^lY) = («„ Vt^X.^Y)) - (apT^Y),/^)) 

that conditions (Jl(Jj) and (jllj) are equivalent. If (Jl(Jj) holds, then by Corollary |5] there 
exists fiy G T{V* ® Vi) satisfying (fP2j). On the other hand, 

^ = ^/.<K .V = Wi(^X) for all Wj G T(V-), 

and ()13|) follows. Finally, (|T3*|) implies that the exterior derivatives of both sides in the 
first equality of (fT3j) coincide. | 

§3 The vectorial Ribaucour transformation. 

We now introduce the main concept of this paper. 
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Definition 9. Let /: M n — > Mr be an isometric immersion of a simply connected 
Riemannian manifold, and let V be an Euclidean vector space. Let <p G T{V) and 
f3 G T(V* (g> T ± M) satisfy © with w = dip, and let G r(GZ(V)) be a solution of 
the completely integrable first order system 

d£l = T l dT (15) 

such that 

n + n* = j^jr (16) 

where JF = + If the map / : M n — > M N given by 

f = f-m- 1 v (17) 

is an immersion, then the isometric immersion /: M n -> R^, where M n stands for M n 
with the metric induced by /, is called a vectorial Ribaucour transform of / determined 
by fi), and it is denoted by TZ 9j p,n(f)- 

Remark 10. If dim V — 1, after identifying V* ®Tj~M with Tj~M then 93 and /? become 
elements of C°°(M) and r(Tj-M), respectively, and (0) reduces to 

a(X, V</?) + = 0. 

Moreover, Q = (1/2){J 7 ,J-) for T = /*Vy3 + and (fT7|) reduces to the parameterization 
of a scalar Ribaucour transform of / obtained in Theorem 17 of [5]. In this case, since Q 
is determined by <p and (3 we write / = IZ^pi^f) instead of / = Hp,p t n(f). 

Next we derive several basic properties of the vectorial Ribaucour transformation. 

Proposition 11. The bundle map V G T((f*TR N )* <g> f*TR N ) given by 

V — I - T£r x T l (18) 

is a vector bundle isometry and 

f* = Vf*D, (19) 
where D = I-^q-i^ G Y{T*M ®TM). In particular, f has the metric ( , )~ = D*{ , ). 

Proof: We have 

V l V = (I- J r (fi~ 1 )'J r ')(J - TVT^P) 

= i- tst 1 ? 1 - t^t^t 1 + Tipr^fPTsr^P. 

Using (fTB*j) in the last term implies that the three last terms cancel out. Thus V is an 
isometry. Now, using (jSJ) and ([To]) we obtain 

/» = /,- dFn _ V + ^n _1 tznn"V - .t 7 ^ 1 ^ 
= mi - $ n _g - m-^Mi - $ n -i v ) = vud. 1 
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Proposition 12. The normal connections and second fundamental forms of f and f are 
related by 

Vie = VV^ (20) 

and 

A n = D~\A ( + ^ n -,^), (21) 

or equivalently , 

a(X, Y) = V(a(X, DY) + ^(ir 1 )'^)* DY). (22) 

Proof: Let V denote the connection of f*TM, N . Observing that dJ rt {X) vanishes on T^M, 
for (dJ*(X%v) = (£,(LF(X)v) = (X)} = 0, and using ©, © and ©, we get 

-uk vi x + vie = v x n = v x (e - m-wz) 

= -ua^x + vie - d^x)^- 1 ^ + Tn^dnix)^- 1 ^ + .nr^CM^x - vie) 
= -vua^x + pvie - p/^^n- 1 ^, 

which gives (j20J) and (|2TJ). I 

Proposition 13. The triple (<p,/3,£l,) = (Q -1 ^, VfllQ' 1 ) 1 , f2 _1 ) satisfies the conditions 
of Definition^ with respect to f, and f = TZ<zpn(f)- Moreover, T = f*{d(pf + (3 and 
$ = $>(d(p, /3) are given, respectively, by 

f = -FVL~ l and D$ v = -& n -i v . (23) 

Proof: Since ~= dip = — fi" 1 ^^-!^ + Q" 1 ^ = Q~ 1 uD, we have 

f(v),X)~ = (v^-^iDX)) = (Dj^fviX) = 

thus 

rf = ^(ir 1 )', (24) 

where we have used that D~ l is symmetric with respect to ( , )~. We now prove that 

a(X*(v)) + (V x f p)v = for all v G T(V). (25) 
Equations (J22J) and (ED yield 

a(X,») = V(a(X, oj^Q-yv) + {3(tl~ 1 ) t $(X) t u t (rr 1 ) t v), (26) 
whereas (|2Dj) gives 

= r((vl*® T±M (3)(n- l yv - pin-y^xfuj'in-yv). (27) 



9 



It follows from (f7j). (f2fi j) andjf57 j) that ® holds. 

We now compute T = + /3. Using ()19|1 in the first equality below, i n the 
second and (fTBj) in the last one, we obtain 

t = vu& + P = v(Uu t (n- l ) t + pin- 1 )*) = (/ - m- 1 ^)^^- 1 ) 1 = (28) 

Then, it follows from (JEJ, dHJ) and (j2HI) that 

.F*dF = (ir 1 )*^' dHT 1 - (Q _1 )*J r *J r fi _1 dOfi _1 = dtl, 

and 

^ = (n-y^m- 1 = n + n*. 

Therefore, 

^,n(/) = / - ™~ V = / - ^n _ V - (-.nr^njrV = /■ 

Finally, the second formula in (J2*3|) follows from 

/ApO = df(x)v = -dT^n^v + j r n- 1 dn(x)n~ 1 v 

= -f.D-^n-^X). | 

§4 The decomposition theorem. 

A fundamental feature of the vectorial Ribaucour transformation for submanifolds is 
the following decomposition property, first proved in in the context of orthogonal 
systems. 

Theorem 14. Let H<p t pci(f) '■ M n — > ~R N be a vectorial Ribaucour transform of an iso- 
metric immersion f: M n — > K . For an orthogonal decomposition V = V\ © Vi define 

ipj = n Vj oip, Pj = f3\ Vj and fiy = 7r^ o Q\ v . e T(V* <g> Vj), 1 < i,j < 2. (29) 

Assume that fljj is invertible and, fori ^ j, define H^p&fai, A>^ii) = (<Pu0i,&u) by 

(fii = (Pi- --/./--,;' >-"./• A = Pj(A - /^(n^ 1 )^-) and ^ = - <^ y <> ./<>,.,.. 

where Vj = I — TfiXfjT*. Then the triples (<pj, (3j,Qjj) and ((pi, fa, tin) satisfy the condi- 
tions of Definition^ with respect to f and fj, respectively, and we have 

K<p,l3,n(f) = ^,ft,n«(^pj l ft- l n J j(/)) < 
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Proof: That (ipj, f3j,Qjj), 1 < j < 2, satisfies the conditions of Definition El with respect 
to / is clear. In order to prove that ((pi, fy, Cla) satisfies the conditions of Definitional 
with respect to fj for i ^ j we first compute u>i = dtpi. We have 

Qi{X) = Ui(X) + ^), ; (,V)0 ; / r - ; + o ;7 ; ^/0 ;7 (A\i() ;; l r - ; _ tynjfaiX) 

= Ui(X) - ^(«I"(,V)0 ; / r - ; ) + (; ;; L. ; (<i»/(,V)0 ; ; r - 7 ) _ [hAAj^iX) 
= ujiiDjX) - 0; ; ;; L- ; (/; 7 ,.Y ). 

where Dj = I — . Then 

= (DjuiW-Dju'injfy^v&X) 

= {^-^{n-lfnl^lDfx)^ 

where ( , )j denotes the metric induced by fj. Using that D~ l is symmetric with respect 
to ( , )j, we obtain that 

It follows from (121) that 



aj (X, Q*( Vi )) = VjWX, w f (t*)) - a(X, ^(n^'nj,^)) + ft (O^ 1 )*^ (X)'^) 

+/3 i (n7 i 1 )*^(x)*o;}(n^)*n|,(« i )) 



(30) 

where a-,- is the second fundamental form of fj. On the other hand, we obtain from 



and 

-vMnjiynjjivt) + p^y^iy xVi ) 
= -(v*&)((n7/)«i^ 

that 



(VxA)K) = ^-((VxA)K) - (Vx/^((^7/)%(^)) - &(^7$W^) 

where we used dSl\ s {X) = ^{Xfuj. It follows from and (JHU) that 

a,-(X,^K)) + (VxA)(^) = 0. 



(31) 
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Now we have 

= f jm o* + fy = VjUDpl + Vj(Pi - 

= VMM + a - f^(nj})K^ - ^im 3 =Vjfr- ^Jlf^W 

= f. _ T-Q,7 1 Q" 
where we used that = Qji + Qh- Then, 

Using that df^-j = jFj dJFj and dfljj = T^dTy we obtain 
Moreover, 



which completes the proof that (<pi, Pi, tin) satisfies the required conditions. 
Now write ti in matrix notation as 

Q — [ ^ U 

Since f2 and are invertible, then tin is invertible for 1 < i < 2 and 



22 ^~^2 1 \ \ ^"^22 

In particular, 

n* 1 = n* 1 + n^n^/n^ 1 and ft^-n^ 1 = f^vy ( 32 ) 

for 1 < ? 7^ j < 2. Then, 

= / - T(Vtii(lfi - ti 12 ti^(p 2 ) + f!,~2(<P2 - ^2l(^ll)~V0) 
= / - Fl&u (<fil - ti 12 ti~ 2 <P2) ~ -^2^22 (V?2 ~ ^21^n ¥>l)- 
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On the other hand, by (|32|) and (|32j) we have 
T^ifi^nuifj) = fj ~ F&ii<Pi 

We conclude that K^p^f) = K^^^Mi) for 1 < i ^ j < 2. | 

Remark 15. It follows from Theorem El that a vectorial Ribaucour transformation 
whose associated data (<p, j3, fl) are defined on a vector space V can be regarded as the 
iteration of k = dimV^ scalar Ribaucour transformations. 

In applying Theorem El it is often more convenient to use one of its two following 
consequences. 

Corollary 16. Let /, = ^^(J): M™ — > M. N , 1 < i < 2, be two vectorial Ribaucour 
transforms of f : M n — > Mr. Assume that the tensors = <&(d<pi, fli) satisfy 

[$*., $y = /or all Vi E Vi and v j E Vj, l<i^j< 2. 

Set Ti = f^difi) 1 + /3i. Then there exists Qij G T(V* © Vi), such that 

dn i:i = T\ dTj and T\Tj = fi y + (33) 

and snc/i tfiat (p G r(V),/3 e r(V* ® T X M) and Q e r(V* ® V) denned 6j/ for 
V — Vi © V2 satisfy the conditions of Definition ( and therefore the remaining of the 
conclusions of Theorem\D\ hold). 

Proof: The first assertion is a consequence of Proposition |H1 It is now easily seen that 
if E V(y),/3 G T(V* ® T ± M), n e r(F* <8> V) defined by flU for V = Vi © V 2 satisfy the 
conditions of Definition El with respect to / if and only if the same holds for (^,^,11^) 
and, in addition, holds. | 

Corollary 17. Lei /1 = 'R- l p lt /3 l .n 11 (f) '■ M n — > 6e a vectorial Ribaucour transform of 
f : M n — > R . Lei (<^2, /?2, ^22) satisfy the conditions of Definition^ with respect to f\. 
Assume further that $ 2 = $(g^ 2 ,/52) satisfies 

[^ 2 ,$*J = 0, forallv^Vx, v 2 eV 2 , 

where = -<&*_i /or $ x = $(d(pi,@i). Then there exist Clij G r(V? <g> V*), « 7^ J? 

tZfiy = dFj- and jRfjF,,- = Clij + tt^, (34) 
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where T\ = — JF 1 fi 11 1 and T 2 = (fi)*(dip 2 y + P 2 . Now define 

(<f2, ^2,^22) = (<P2 - V~ l p 2 - ^1 ^2i> ^22 - ^21^11^12), 

f2 12 = f2iif2 12 and f2 21 = — f^i^n- 

T/ien y> e r(y), P e r(V* ® T X M) and e r(\/* ® V) de/med 6y /or V = V x ffi ^ 2 
satisfy the conditions of Definition^ and TZ v ^ t n(f) = 7lp 2 ,p 2> a 22 ('R' l p 1 ,f3 1 ,n 11 (f))- 

Proof: By Proposition [T^J we have / = H^^Q^ifi) where 

fa, Putin) = (n^ 1 ,v 1 p l (n^ 1 ) t ,n^ 1 ). 

Moreover, T\ = (/i)*(^i)* + Pi and $1 = <&(d(puPi) are given by 

Tx = and D X ¥ V1 = 

Thus, the existence of fl^ e T(Vj* (g) V^), z 7^ j, satisfying condition (J53jl follows from 
Proposition |H1 applied to f\ and the triples (<fii, Pi, flu), 1 < i < 2. Now observe that 
(y? 2 , ^2,^22) = ^,/3,n(^2,^2,^2), and hence (^2,^2,^22) satisfies (J7J) with respect to f\ 
and <if2 22 = JF 2 dT 2 by Theorem El 

It remains to check that dflij = T\ dTj and fi^ + f& = .T-^T-j , < i ^ j. From the 
proof of Theorem HU (see we have JF 2 = JF 2 — .T^fi^ f2 12 = JF 2 — jF 1 f2 11 f2i 2 . Then, 

.^2 = — («^2 — ^^2^11-^1 ^(•^"1^11) = — «^2 d^*if2n — •F*^J~\ d£l\\ + f2*2^*i 
= -d^ 2 i^n - (^21 + ^12) <^ii + ^12 - rf(^21^1l) 

A similar computation shows that T\dT 2 = ^12- 
Finally, we have 

J~\j~2 — — ^11^1(^2 — •^l^n 1 ^12) = — ^n(^12 + ^21 ~~ (^11 + ^ll)^n 1 ^12) 
= — ^n(^21 — ^11^11^12) = ~~ ^11^21 ^11^12 = ^11^12 — (^21^1l)* 
= Q\2 + ^21) 

and similarly one checks that T\T\ = fl 2 i + ^12- I 

Given four submanifolds fa: M™ — > Mr, 1 < % < 4, we say that they form a Bianchi 
quadrilateral if for each of them both the preceding and subsequent ones (thought of as 
points on an oriented circle) are Ribaucour transforms of it, and the Codazzi tensors 
associated to the transformations commute. 

Proof of Theorem^- We first prove existence. Write fi = TZ^^f), 1 < i < k. For each 
pair {i,j} C {1, . . . , k} with i < j define ip ij 6 T(M 2 ) and p ij 6 T((M 2 )* ® T ,± M) by 

= (<yjj, and P lj = dxi ® Pi + dx 2 <S> P r 
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By the assumption that {fij, f, fj, /} is a Bianchi quadrilateral, there fi*-' G Gl(M. 2 ) with 

W j (e 1 ) = n ii = (l/2)(F i ,ty and lF(e 2 ) = % = (l/2)<^-, 

where jF r = f*V<p r + (3 r , r G such that (<^ y ', fi y ) satisfies the conditions of 

Definition El with respect to / and such that = t pu (/). Define y? G r(M fc ), 
/3 G r((M fc )* ® T X M) and G r((M fe )* <g> by 

</? = ((pi, . . . ,ip k ), p = y^ j dxi® Pi 

t=i 

and 

fi = fijjrfxj <g> ej + y~]((fi tJ (ei), e-i)dXi ® ej + (fi 4:, (e 2 ), ei)dxj (g> e$). 

It is easy to check that (</?, /3, fi) satisfies the conditions of Definition El with respect to /. 

We now make precise the "generic" assumption on the statement of Theorem |21 
Namely, we require that no principal minor of fi vanishes, where fi is regarded as a 
square (k x fc)-matrix. That is, for any multi-index a = {i\ < . . . < i r } C {1, . . . , k}, the 
sub-matrix fi Q of fi, formed by those elements of fi that belong to the rows and columns 
with indexes in a, has nonzero determinant. Now, for any such a set 

r 

(p a = (tp h , . . . ,tp ir ), (3 a = ^ dx ij ® Pij and fi" = fia- 

3=1 

We define C r as the family of (^) elements formed by the vectorial Ribaucour transforms 
,p a ,n a {f), where a ranges on the set of multi-indexes a = {i\ < . . . < i r } C {1, . . . , k} 
with r elements. Given 

/ = ^«,/3«,n«(/) G C s+1 , 1 < s < k - 1 and a = {h < . . . < i s+1 } C {1, . . . , k}, 

let ai, . . . , a s+ i be the (s + 1) multi-indexes with s elements that are contained in a. For 
each j = 1, . . . , s + 1 write a = Oj U {ij}. Then, 

/i := n ^,p a ^n a 3 (f) G and / = K^.^ (fj) 

by Theorem 1141 Therefore / is a Ribaucour transform of f±, . . . , f s +i- Moreover, for each 
pair {aci,aj}, set a^- = a>i H ay, and let /y = H^a ^a^a (/)■ Then G C s _i and 
{/ij) fi, fj, f} is a Bianchi quadrilateral 

Next we argue for the uniqueness. We first make precise the meaning of fi, . . . , fk 
being independent Ribaucour transforms of /. Namely, if fi is determined by the pair 
(<Pi,Pi) with <pi G C°°(M) and (3 t G T(T±M), 1 < i < k, we require that the image 
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of the map (p = (</?i, . . . , (fk) '■ M — > M. k spans M fc and, in addition, that the linear map 
T: R k -> f*TR N given by T = J2i=i dx i ® with ^ = /* V ^ + A, is injective. 

It is easily seen that all uniqueness assertions follow from the uniqueness for k — 3. For 
this case, the independence assumption is equivalent to the condition that neither of fi, 
/ 2 or f 3 belong to the associated family determined by the other two. Then, uniqueness 
was proved in [§| by using a nice elementary argument relying on the version of Miquel's 
Theorem for four circumferences. | 



§5 Submanifolds carrying a parallel flat normal subbundle. 

In this section we give an explicit local construction of all submanifolds of Euclidean 
space that carry a parallel flat normal subbundle, from which Theorem in the introduc- 
tion follows as a special case. 

Theorem 18. Let f: M n — > M. n+P be an isometric immersion of a simply connected 
Riemannian manifold and let ipi £ C°°(M) and Pi £ F(T M), 1 < i < m, satisfy 

a(X, Vcpi) + Vjcpi = (35) 

and 

= 0, l<i,j<m, (36) 
where $j = Hessyj — Ap.. Define Q : M n — > M( n+p ) xm (R) by 

Q = (/*V^ + A, . . . , f*Vy m + (3 m ). 
Then there exists a smooth map fi: U — > GL(M. m ) on an open subset U C M n such that 

dVt = G l dg and fi + fi* = G l G + /. (37) 
Moreover, the map f : M n — > ]R n +P+ m given by 

where ip l = (ipi, . . . , ip m ), defines, on an open subset M n C U of regular points, an 
immersion carrying a parallel flat normal subbundle of rank m. 

Conversely, any isometric immersion carrying a parallel flat normal subbundle of 
rank m can be locally constructed in this way. 

Proof: Set V = R m and define (3 £ T(V* © T X M) by P(e t ) = Pi + e h where {eji^™ 
is the canonical basis of M m regarded as the orthogonal complement of ~R n+p in K n +p+ m . 
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Then u = dip and (3 satisfy © in view of Moreover, T G T(V* © f*TR n+m +P) given 
by J-{v) = /*a/(i>) + j3(v) satisfies 



G 

I'm. 



where I m denotes the m x m identity matrix. Thus 

P dT = Q l dQ and PT = Q l Q + I m , 

and the existence of Q satisfying ()37|) follows from Proposition |S] by using (|36j). Moreover, 
comparing (fTTj) and (|3*5|l we have that / = < R- ip ,p,ci{f)- Since M. m is a parallel flat normal 
vector subbundle of T ± M (where / is regarded as an immersion into M. n+p+m ) and V G 
T((f*TR N )* ® f*TR N ) given by (JTHJ) is a parallel vector bundle isometry by virtue of 
([20)1 . it follows that P(R m ) is a parallel flat normal vector subbundle of TjM of rank m. 

In order to prove the converse, it suffices to show that, given an isometric immersion 
/: M n — > W l +P+ m carrying a parallel flat normal subbundle E of rank m, there exist 
locally an immersion /: M n -> R n+ P C ]R n +P+ m and £ G r(V := M m ), /3 G r(V* @T±M) 

and f2 G r(G7(V)) satisfying the conditions of Definition |U] such that (/?(ej))R™ = e^, 
1 < i < m, and that / = TZ^Ci(f)- 

Let £i, . . . , £ m be an orthonormal parallel frame of E. Let V = M m be identified with 
a subspace of M N and let ei, . . . , e m be the canonical basis of R m . Define <p G r(V) and 
(3 G r(V* <g> T ± M) by 

m m 

<p = -^2(f,ei)ei and (3{v) = ^ ~ e t), 

i=l i=l 

for i> = (xi, . . . ,x m ), where ef denotes the normal vector field obtained by orthogonally 
projecting e, pointwise onto T L M. Then 

m m 

u t (v) = -J2xifte i and F{v) = ^^fe ~ e *)- ( 39 ) 

8=1 i=l 

Therefore, 

m m 

+ (V^^flt; = - 5>a(X, /Je*) + X>V£(6 - eft 

8=1 8=1 

m m 

= -J^XiiVxifiet + ei)) 1 - = J]x i (Vxe i ) ± = 0, 

8=1 8=1 

where V denotes the Euclidean connection, and hence (J7J) is satisfied. 
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It also follows from (|39|) that 

m 
i=l 

thus T l ij = ej - YA=i^^ e i) e i- Similarly, Tej = -ej + £Xi(&> e j') e *- We obtain, 

m mm 

3* Tip) = ^XjTiCj - ej) = s ^2x j e j - ^ x j({Hji e i) + (^ e j)) e i- 

j=l j=l i,j=l 

In matrix notation, this reads as 

T t T = 2I-((^e l ))-((^e J )). 
Therefore Q = I — ((&, e 3 -)) satisfies (|T5j) and Moreover, since 

m 
i=l 

we have 

- .nr = & - ^ = 6 - (o - e, ) = ej . 

Therefore / = H<p t /3,n(f) is such that f\M n ) is contained in an afhne subspace orthogonal 
to M m . Since / = Hppn(f) with the triple (<p,/3,(l) given by Proposition ITTA in order 
to complete the proof of the theorem it remains to show that (/3(ej))Rm = e». But this 
follows from 

0a, ej) = (VPiQ-ye,, ef) = (e u Q^TV'e,) = (e u Q^TQ = {e h e 3 ). | 

The case of submanifolds with flat normal bundle of the sphere now follows easily from 
Theorem ^ 

Corollary 19. Let U C W 1 , {<fi}i<i< m , Q: U -> M nXm (R), andVt: V C U -> G7(M m ) 
&e as in Theorem^ Then the M( n+m ) xm (IR) -valued map 

satisfies W t W = I and any of its columns defines, at regular points, the position vector 
of an immersion with flat normal bundle into § n + m_1 . 

Conversely, any isometric immersion with flat normal bundle f : M n — > § n + m ~ 1 can 
be locally constructed in this way. 
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Proof: Set V = R m and define (3 G T{V* © T^M) by pfe) = e h where {e,}^^, is the 
canonical basis of M. m regarded as the orthogonal complement of M n+P in ]R n +p+ m . Then 
cu = dip and (3 trivially satisfy ©. Moreover, if T E T(V* © f*TW l+m+v ) is given by 
F(v) = f*uj\v) + P(v) then 

Q 



where I m denotes the mxm identity matrix. Let / = Hp p nfyd), where id is the inclusion 
of U into M n , Then the isometry V as in (|18jl is given by 

n~ 1 g t i - ir 1 

Therefore W t W = I and the (n + p + j) th -co\umn of W is Pej, 1 < j <m. Therefore it is 

a unit parallel normal vector field to /, and hence defines, at regular points, the position 

vector of a submanifold with flat normal bundle of §™ +m_1 . 

The converse follows from the converse in Theorem ^ and the fact that any isometric 

immersion / : M n — > § n + m_1 arises as a parallel unit normal vector field of an isometric 

immersion F: M n — > M. n+m , for instance, F — % o /, where % is the canonical inclusion of 
§n+m _i intQ Rn+m _ | 

We now give a precise statement of Ferapontov's theorem referred to in the introduc- 
tion for the case of holonomic submanifolds of the sphere, and show how it can be derived 
from Corollary 

Theorem 20. On an open simply connected subset U C lR n let {Pij}i<i^j< n be smooth 
real functions satisfying the completely integrable system of PDE's 

dPi- 

-7T 1 = PikPkj, l<i^j^k^i<n, 
du k 

d&3 , Wii , V- a a _ n ■ -L ■ (40) 



dui duj 



J- 



let H a = (Hf , . . . , H%), 1 < a < m, be arbitrary solutions of the linear system of PDE's 

—l = p ij H i , l<i^j<n, (41) 

OUi 

and let Xj : U — > ~R n , 1 < % < n, satisfy 

■4 = p " Xi ' l * j ' ^7 = -^ AA (42) 
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and X t X = I at some point of U , where X = (Xi, . . . , X n ), the integrability condi- 
tions of and \4 6 *$ being satisfied by virtue of \4(ty - Then there exist vector functions 
s a = (sf, . . . , s£) : U -> R n , 1 < a < m, such that dsf = £Li X ik H* du k , and a 
map Q: U — > M nxm (IR) sitc/i that 

dtt = G f dg and Vt + tt 1 = Q l Q + 7 m , 

where Q = (s 1 , s' m ). Moreover, the (m + n) x m-matrix 

gn- 1 



w 



n- 



satisfies W l W = I m and any of its columns defines, at regular points, the position vector 
of an n-dimensional submanifold M n C § n+m_1 c M n+m u>zi/i /?at normal bundle such 
that ui, . . . , u n are principal coordinates of M n . 

Conversely, any n-dimensional submanifold with flat normal bundle ofE> n+m ~ l carrying 
a holonomic net of curvature lines can be locally constructed in this way. 

Proof: It is easily checked using (142)) . and the fact that X l X — I at some point of U, 
that X t X = I everywhere on U, whence X 1; . . . , X n determine an orthonormal frame on 
U. Define $ Q G T(T*U ® TU) by 

= iJfXi, 1 < % < n, l<a<m. 

Then $ a is a symmetric tensor and, by (|41|) and 



hence <3> Q is a Codazzi tensor on U. Thus $ a is closed as a one-form in U with values in TU. 
Since f/ is flat, there exists Z a G T(TU) such that $ a = dZ a . Moreover, the symmetry of 
$ a implies that Z a = grad<^ a for some ip a G C°°(U), and hence $ Q = Hess ip a (cf. j7]). 
Since {Xj}i<j< n is a common diagonalizing basis of Hess (p a , 1 < a < m, it follows that 
[Hess y? a ,Hess = 0, 1 < a, /? < m. Setting s a = grad(/) a , the remaining of the proof 
follows from Corollary I 

Remark 21. Equations (J4*0|) (Lame equations) and (JiTf are well-known in the theory of 
n-orthogonal systems (cf. where the functions Hi and are usually called the Lame 
and rotation coefficients, respectively. 



20 



6 Submanifolds carrying a Dupin principal normal. 



A smooth normal vector field rj of an isometric immersion /: M n —>■ ¥L N is called a 
principal normal with multiplicity m > 1 if the tangent subspaces 

S, n = ker (a - ( , ) 77) 

have constant dimension m > 1. If 77 is parallel in the normal connection along the nullity 
distribution E v then rj is said to be a Dupin principal normal. This condition is automatic 
if m > 2. If 77 is nowhere vanishing, it is well-known that S v is an involutive distribution 
whose leaves are round m- dimensional spheres in WL N . When 77 vanishes identically, the 
distribution E v = So is known as the relative nullity distribution, in which case the leaves 
are open subsets of affine subspaces of M. N . 

Let h: L n ~ m — > M. N be an isometric immersion carrying a parallel flat normal sub- 
bundle Af of rank m, and let tp E C°°(L n - m ) and (3 E Y{T^L) satisfy 

a(X, V^) + V^ = 0. 

Assume further that the tangent subspaces 

E(x) = {Z E T X L : {a{Z,X)) N x = ip' 1 fa±(Z,X) for all X E T X L} 

are everywhere trivial. Define TZ-^p(h) : M — > ~Sl n by 

where x = ir(t) and t is the parallel section in M such that t {x) = t. It was shown in [B] 
that IZp p(h) defines, at regular points, an immersion carrying a Dupin principal normal 
with integrable conullity distribution £r- and that, conversely, any such immersion can 
be locally constructed in this way. 

Using the results of the previous sections we now give an explicit description of all 
isometric immersions carrying a Dupin principal normal of multiplicity m and integrable 
conullity in terms of the vectorial Ribaucour transformation, starting with an isometric 
immersion g: L n ~ m ~R N such that g(L n ~ m ) lies in an (N — m)-dimensional subspace 
R N ~ m c R N . 

Namely, let Tl^^^id) be a vectorial Ribaucour transform of an isometric immersion 
g : L n ~ m —> l^"" 1 C determined by (</?, /3, Q) as in Definition El For an orthogonal 
decomposition R m+1 = R © W 71 , with R = span {e }, set 

(<Po,Po) = ({<P,eo),P(e Q )), ((pi,0i) = (vr Rm oip,/3\ um ), 

and 
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where 

= vTjgm o f2|jjm and. f^oi = ^"m ^|iu m - 
Assume that the bilinear maps 7: T X L x T X L — > TxL 1 - given by 

j(Z,X) = (a g (Z,D 1 X) + p 1 (Q u 1 ) t ^ 1 (Z)D 1 (X) - <p Q (Z,X)fa)v»- m 

have everywhere trivial kernel. Let the subspace lR m = be identified with the or- 
thogonal complement of M, N ~ m in M. N and choose an orthonormal basis {eo, . . . , e m } of 
V := R m+1 . Finally, for t = E™ite e K ™ define 

m 

/9t = eS®(A) + t)+5^e?® / 9(e i ) and a = + «#,, t) + (l/2)|t| 2 )e* ® e . 
i=i 

Theorem 22. TTie £np/e ((p,(3 t ,Q t ) satisfies the conditions of Definition^ with respect 
to g for each t G M. m and the map G : L n ~ m x M m — > R N given by 

G(x,t) = Kp&fltigXx) 

parameterizes, at regular points, an n-dimensional submanifold carrying a Dupin principal 
normal of multiplicity m with integrable conullity. 

Conversely, any isometric immersion carrying a Dupin principal normal of multiplicity 
m with integrable conullity can be locally constructed in this way. 

Proof: The first assertion is easily checked. By Theorem ITU we have 
where 

m 

$ =Vi(j3 + t- /3i(ftIiWieo) = P° + /Z UVi, 

i=l 

with j3° = Vifio and rji = V\e.%. Then M = ViW 1 is a parallel flat normal subbundle M of 
rank m of h = IZ^^^^g) and 

G(x,t) = K^ h+t {h){x) = n^ >h {h)(t), 

where t = YlT=i tffl*- Moreover, the assumption on the bilinear map 7 is easily seen to be 
equivalent to the subspaces 

E{x) = {Z G T X L : (a h (Z,X)) M s. = -(p^x(Z,X) for all X G T X L} 

being everywhere trivial. By the result of jB] discussed before the statement of Theorem 1221 
it follows that G parameterizes, at regular points, an n-dimensional submanifold carrying 
a Dupin principal normal of multiplicity m with integrable conullity. 
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Conversely, given a submanifold /: M m -> R N that carries a Dupin principal normal 
of multiplicity m with integrable conullity, by the aforementioned result of jH] there exist 
an isometric immersion h : L n ~ m — > M. N carrying a parallel flat normal subbundle M of 
rank m, <p G C°°(L n ~ m ) and (3 G Y{T^L) satisfying a(X, V(p) + VjtP = 0, with 



E(x) = {Z e T X L : (a{Z,X)) M ± = -f' 1 Pm±(Z, X) for all X G T X L} 



everywhere trivial, such that / is parameterized by the map 1Z{f g (h) : L n m x IR m — > M. N 



given by 

where t = Y^hLi Urji for some ortho normal parallel frame 771 , . . . , rj m of N ' . 

As in the proof of Theorem ITH1 1 here is an isometric immersion g : L n ~ m — > W N ~ m C M> N 
such that h = ^j^.ft^), and hence 

K% p {h){x,t) = R^(^ A , nil (s))(a:). 

In order to apply Corollary El we must verify that the tensor $ = Hess (p — Ap 
associated to (f,P) commutes with $ Vl for every v\ G V\, where D t ^l = — for 

$ x = $(d</?i, Since $ commutes with the shape operator of h with respect to any 
normal vector field £ G r(T^L), it commutes in particular with Ap 16i . But by (|21j) we 
have 

= D^ QlMei = DT 1 ^ = -¥ ei , 

and we are done. It follows from Corollary El that there exist (if, ft, Q) satisfying the con- 
ditions of Definition El with respect to g and an orthogonal decomposition M m+1 = IR©R m 
such that 

(fi,Pi, ^11) = (tti™ V, P\mt", 7r K m o Q\ R m) 
and, setting ip = n R o if, ft x = ft\ R , then (<f,P) = fc<p,p,si(vo, Po) and 

Defining p t and Q, t as in the statement, we have ^ +J '(K V iA 1 nn(ff)) = Tl<p,/3 t ,ci t (g)- I 
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